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Abstract
This paper presents a discussion on p-adic multiframe by means of its wavelet struc-
ture. Specifically various properties of multiframelet in L2(Qp) have been analyzed.
Also multiframe operator on p-adic setting has been produced and characterized. Fur-
thermore, multiframelet set in Qp has been engendered and scrutinized.
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1 Introduction
In 1952, Frame was introduced by Duffin and Schaeffer in their fundamental paper [10]
on nonharmonic Fourier series as a way of computing the coefficients in a linear combina-
tion of the vectors of a linearly dependent spanning set. It was intended as substitute or
extension to Riesz bases or orthonormal bases in Hilbert spaces. Frame is a sequence which
allows every element of the corresponding Hilbert space to be written as linear combination
of frame elements where coefficients are not unique and that is why frames are sometimes
said to be overcomplete system. Apparently, mathematicians and engineers did not realized
the importance of the frame immediately. Around 30 years later, Young re-introduce it in
his book [18], which contains basic facts about frame. After that, Daubechies, Grossmann
and Morlet took the key step of connecting frames with wavelets and Gabor systems in the
paper [8]. Grochenig has given the nontrivial extension of frames to Banach spaces in [11].
Frames having wavelet structures, have been popularized through several generalizations and
significant applications. For detail discussion regarding the same we refer to [2], [4], [6], [7],
[8], [10], [17], [18].
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The exposition of the present paper is as follows.
In section 2, we have discussed about multiframelet and its various properties in p-adic set-
ting. Furthermore, we have discussed properties of multiframelet operator and its dual and
also representation of arbitrary elements using multiframelet operator in section 3. Further-
more, in section 4, we considered multiframelet set.
2 Multiframelet on Qp
Definition 2.1 (Multiframelet). A set of functions f={f (1), . . . , f (L)} ⊂ L2(Qp) is said to
be a multiframelet of order L if {f (l)j,a := p
j
2f (l)(p−j · −a) : j ∈ Z, a ∈ Ip, l = 1, . . . , L} is a
frame for L2(Qp) i.e. ∃ A,B > 0 such that
A ‖g| ‖2 ≤
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g, f (l)j,a〉|2 ≤ B ‖g‖2 , ∀ g ∈ L2(Qp). (2.1)
When L = 1, f is simply said to be a framelet.
A and B are said to be lower and upper multiframelet bounds respectively. Clearly, they
are not unique. The optimal lower multiframelet bound is the supremum of all lower mul-
tiframelet bounds and the optimal upper multiframelet bound is the infimum of all upper
multiframelet bounds. This number B is sometimes called Besselet bound as the second
inequality is called as Besselet inequality and corresponding f is called Besselet. An ar-
bitrary Besselet need not imply existance of lower multiframelet bound and hence not a
multiframelet. A multiframelet which ceases to be a multiframelet on the removal of any
one of its vectors is termed an exact multiframelet. f is said to be a tight multiframelet
if it is possible to choose A = B and f is said to be a normalized tight multiframelet or
Parseval multiframelet if it is possible to choose A = B = 1. Every orthonormal basis is
a Parseval multiframelet but a Parseval multiframelet need not be orthogonal or a basis.
Example 2.2 Kozyrev’s multiwavelet (cf. [16]) given by
θk(x) = χp(p
−1kx)1Zp(x), x ∈ Qp, (2.2)
where k = 1, 2, . . . , p− 1 .
Example 2.3 Khrennikov and Shelkovich’s multiwavelet (cf. [15]) given by
θ(m)s (x) = χp(sx)1Zp(x), x ∈ Qp,
where s ∈ Jp,m := { s−mpm + . . .+ s−1p : s−j = 0, 1, . . . , p− 1; j = 1, 2, . . . , m; s−m 6= 0}, m ∈ N
is fixed.
Remark 2.4 Example 2.2 and Example 2.3 are normalized tight multiframelet. Every mul-
tiwavelet is also normalized tight multiframelet. Moreover, any orthonormal basis is an exact
frame as deleting any term from an orthonormal basis gives 0 for the middle portion in the
equation (2.1) for that particular deleted g. This imply g = 0, which is contradiction to
orthonormal basis.
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From equation (2.1), in a tight multiframelet i.e. when A = B, we have
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g, f (l)j,a〉|2 = A ‖g‖2 ∀ g ∈ L2(Qp). (2.3)
By pulling 1
A
into the sum, this is equivalent to
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g, 1√
A
f
(l)
j,a〉|2 = ‖g‖2 ∀ g ∈ L2(Qp).
Thus the family { 1√
A
f
(l)
j,a : j ∈ Z, a ∈ Ip, l = 1, . . . , L} is a 1-tight frame. So any tight frame
can be changes to normalized tight frame. In other word, we can use definition of tight frame
as follows
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g, f (l)j,a〉|2 = ‖g‖2 ∀ g ∈ L2(Qp). (2.4)
assuming that {f (l)j,a : j ∈ Z, a ∈ Ip, l = 1, . . . , L} has been properly normalized. It follows
from the equation (2.4) that normalized tight frame {f (l)j,a : j ∈ Z, a ∈ Ip, l = 1, . . . , L} is
an orthonormal basis of L2(Qp) if and only if
‖f (1)‖ = ‖f (2)‖ = . . . = ‖f (L)‖ = 1.
Let us denote {1, . . . , L} as L. The operator T : ℓ2(L × Z × Ip) → L2(Qp) defined by
c(l, j, a) 7→
L∑
l=1
∑
j∈Z
∑
a∈Ip
c(l, j, a)f
(l)
j,a. This is called synthesis operator or pre-frame operator.
The adjoint operator of T is T ∗ : L2(Qp) 7→ ℓ2(L× Z× Ip) defined as
g 7→ {〈g, f (l)j,a〉 : j ∈ Z, a ∈ Ip, l ∈ L}. This is called analysis operator.
Proposition 2.5 Multiframelets are bounded above with bound
√
B.
Proof : For a fixed l′, a′, j′
‖f (l′)j′,a′‖4 = |〈f (l
′)
j′,a′ , f
(l′)
j′,a′〉|2 ≤
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈f (l′)j′,a′ , f (l)j,a〉|2 ≤ B‖f (l
′)
j′,a′‖2
i.e ‖f (l′)j′,a′‖2 ≤ B ⇒ ‖f (l
′)
j′,a′‖ ≤
√
B
Now taking supremum over all l′, a′, j′; we have sup‖f (l′)j′,a′‖ ≤
√
B. So multiframelets are
norm bounded above.
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Proposition 2.6 Inexact multiframelets are not bases.
Proof : Let {f (1), . . . , f (L)} be an inexact multiframelet. Then there exists either j′ ∈ Z or
a′ ∈ Ip or l′ ∈ L such that {f (l)j,a}l 6=l′ or j 6=J ′ or a6=a′ is a frame and therefore complete. But a
basis is a minimal spanning set and hence no subset of a basis is complete. Therefore inexact
multiframelets can not be basis.
We now show that all framelet must be complete (but converse is not true in general
Hilbert space).
Proposition 2.7 The lower multiframelet condition ensures that a multiframelet is complete
i.e. its closed linear span is the whole space L2(Qp).
Proof : We will show it by contradiction.
Let V = span{f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}. Then L2(Qp) = V ⊕ V ⊥.
If V ⊥ 6= 0 then we can choose non-zero w ∈ V ⊥ such that
A ‖w‖2 ≤
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈w, f (l)j,a〉|2 = 0.
This imply w = 0 which is a contradiction. Hence L2(Qp) = V . Thus a multiframelet in
p-adic setting is complete.
Remark 2.8 Using Proposition 2.7, it has been verified that every multiframelet is an ex-
tension of orthonormal basis.
Lemma 2.9 If f={f (1), . . . , f (L)} is a Besselet for a dense subset V of L2(Qp) i.e. there
exists a constant B > 0 such that
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g, f (l)j,a〉|2 ≤ B ‖g| ‖2
for all g ∈ V ⊂ L2(Qp), then f is a Besselet for L2(Qp).
Proof : Consider g ∈ L2(Qp). If possible, let B ‖g| ‖2 <
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g, f (l)j,a〉|2. Then there is
finite sets E ⊂ Z, F ⊂ Ip such that B ‖g| ‖2 <
L∑
l=1
∑
j∈E
∑
a∈F
|〈g, f (l)j,a〉|2.
Since V is dense in L2(Qp), there is h ∈ V such that B ‖h| ‖2 <
L∑
l=1
∑
j∈E
∑
a∈F
|〈h, f (l)j,a〉|2.
Then B ‖h| ‖2 <
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈h, f (l)j,a〉|2 , which is a contradiction.
Thus
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g, f (l)j,a〉|2 ≤ B ‖g| ‖2 ∀g ∈ L2(Qp). Hence f is a Besselet.
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Now we extend Lemma 2.9 for lower frame condition. The following theorem shows that
checking multiframelet condition on a dense subset is good enough.
Theorem 2.10 If f={f (1), . . . , f (L)} is a multiframelet for a dense subset V of L2(Qp), then
f is multiframelet for L2(Qp).
Proof : By the definition of T ∗, equation (2.1) can be written as
A‖g‖2 ≤ ‖T ∗g‖2 ≤ B‖g‖2, ∀ g ∈ L2(Qp).
In our case, it is given that
A‖g‖2 ≤ ‖T ∗g‖2 ≤ B‖g‖2, ∀ g ∈ V. (2.5)
Clearly, T ∗ is bounded. As V is dense in L2(Qp), (2.5) holds for all element in L2(Qp).
Aldroubi has studied following similar problem for frame in [1]. Now we have consider
for multiframelet.
Theorem 2.11 Let {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} be a multiframelet with bounds A, B and
M : L2(Qp) → L2(Qp) is a bounded linear operator. Then {Mf (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}
is a multiframelet if and only if there exists γ > 0 such that γ‖g‖2 ≤ ‖M∗g‖2, ∀g ∈ L2(Qp).
Proof : Let g ∈ L2(Qp).
Necessity Let {Mf (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a multiframelet with lower bound C. Then
C‖g‖2] ≤
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g,Mf (l)j,a〉|2 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈M∗g, f (l)j,a〉|2 ≤ B‖M∗g‖2
i.e. C
B
‖g‖2 ≤ ‖M∗g‖2. So choose γ = C
B
.
Sufficiciency We use lower multiframelet condition in order to get lower bound.
Aγ‖g‖2 ≤ A‖M∗g‖2 ≤
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈M∗g, f (l)j,a〉|2 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g,Mf (l)j,a〉|2.
Similarly, we use upper multiframelet condition in order to get upper bound.
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g,Mf (l)j,a〉|2 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈M∗g, f (l)j,a〉|2 ≤ B‖M∗g‖2 ≤ B‖M∗‖2‖g‖2.
So {Mf (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a multiframelet with bounds Aγ, B‖M∗‖2.
Definition 2.12 (Multiframelet Sequence) A sequence {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is said
to be a multiframelet sequence if it is a multiframelet for span{f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}.
5
Applying Proposition 2.7, it is to be noted that every multiframelet is a multiframelet
sequence. A similar result for frame can be observed in [3].
Proposition 2.13 Every multiframelet sequence is a Besselet.
Proof : Let {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} be a multiframelet sequence in L2(Qp). So it is a
multiframelet for H = span{f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}. We know L2(Qp) = H ⊕H⊥.
Let g ∈ L2(Qp). Then g = gH + gH⊥ for some gH ∈ H, gH⊥ ∈ H⊥.
Therefore for some B > 0, we have
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g, f (l)j,a〉|2 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈gH, f (l)j,a〉|2 ≤ B‖gH‖2 ≤ B‖g‖2.
Thus {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a Besselet with bound B.
Proposition 2.14 Let {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} be a multiframelet for L2(Qp) with
bounds A, B and let U : L2(Qp) → L2(Qp) be a bounded operator with closed range. Then
{Uf (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a multiframelet sequence with bounds A‖U †‖−2, B‖U‖2
where U † : L2(Qp)→ L2(Qp) is bounded such that UU † is orthogonal projection onto RU .
Proof : If g ∈ L2(Qp), then
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g, Uf (l)j,a〉|2 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈U∗g, f (l)j,a〉|2
≤ B ‖U∗g‖2
≤ B ‖U∗‖2 ‖g‖2
= B ‖U‖2 ‖g‖2 ,
which proves that {Uf (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a Besselet with bound B‖U‖2.
Now we will prove for lower multiframelet condition.
Let h ∈ span{Uf (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}. Then h = Uf for some f ∈ span{f (l)j, a : j ∈
Z, a ∈ Ip, l ∈ L}. By Lemma A.7.2 from [5], there is a bounded operator
U † : L2(Qp) → L2(Qp) such that UU † is orthogonal projection onto RU and hence is self-
adjoint. Therefore
h = Uf = (UU †)Uf = (UU †)∗Uf = (U †)∗U∗Uf.
Thus ‖h‖2 ≤ ‖(U †)∗‖2‖U∗Uf‖2 ≤ ‖(U
†)∗‖2
A
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈U∗Uf, f (l)j,a〉|2
=
‖(U †)∗‖2
A
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈h, Uf (l)j,a〉|2
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i.e.
A
‖(U †)∗‖2‖h‖
2 ≤
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈h, Uf (l)j,a〉|2 (2.6)
So lower multiframelet condition satisfied for h ∈ span{Uf (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}. By
Theorem 2.10, equation (2.6) holds for all h ∈ span{Uf (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}.
This completes the proof.
We will now prove that it is enough to consider {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a
multiframelet sequence in order to prove its unitary image is multiframelet sequence.
Proposition 2.15 Let {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} be a multiframelet sequence with bounds
A, B and U : L2(Qp)→ L2(Qp) is an unitary operator. Then {Uf (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}
is a multiframelet sequence with same bounds.
Proof : Let g ∈ span{Uf (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}. Then ∃ h ∈ span{f (l)j, a : j ∈ Z, a ∈
Ip, l ∈ L} such that g = Uh. Now, using unitary property of U , we have
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g, Uf (l)j,a〉|2 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈Uh, Uf (l)j,a〉|2 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈h, f (l)j,a〉|2.
Since {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a frame sequence with bounds A, B;
A‖h‖2 ≤
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈h, f (l)j,a〉|2 ≤ B‖h‖2
i.e. A‖Uh‖2 ≤
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈U−1g, f (l)j,a〉|2 ≤ B‖Uh‖2 (U is unitary⇒ ‖Uh‖ = ‖h‖)
i.e. A‖g‖2 ≤
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈U∗g, f (l)j,a〉|2 ≤ B‖g‖2 (U is unitary⇒ U∗ = U−1)
i.e. A‖g‖2 ≤
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g, Uf (l)j,a〉|2 ≤ B‖g‖2
By Theorem 2.10, above inequality holds for g ∈ span{Uf (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}.
Therefore {Uf (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a multiframelet sequence with same bounds
A, B.
Proposition 2.16 If {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a multiframelet sequence in L2(Qp)
with pre-frame operator T , then {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is multiframelet for L2(Qp) if
and only if T ∗ is injective.
Proof : As {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is multiframelet sequence,
RT = span{f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L}.
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Since NT ∗ = R⊥T and RT
⊕R⊥T = L2(Qp), we have
T ∗ is injective⇔ NT ∗ = {0} ⇔ R⊥T = {0} ⇔ RT = L2(Qp).
T ∗ is injective ⇒ RT = L2(Qp) ⇒ {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a multiframelet for
L2(Qp). Conversely, {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a multiframelet for L2(Qp)⇒
RT = L2(Qp)⇒ T ∗ is injective.
Proposition 2.17 Let {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} be a multiframelet sequence with
pre-frame operator T . Then RT ∗T = RT ∗ .
Proof : Clearly, T ∗T maps RT ∗ into itself.
{f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a multiframelet sequence imply RT = span{f (l)j, a : j ∈ Z, a ∈
Ip, l ∈ L}. As L2(Qp) = RT
⊕R⊥T = RT ⊕NT ∗ . Any g ∈ L2(Qp) can be written as
g = T{c(j, a, l) : j ∈ Z, a ∈ Ip, l ∈ L}+ h
where c(j, a, l) ∈ ℓ2(Z× Ip × L) and h ∈ NT ∗ . Then
T ∗g = T ∗T{c(j, a, l) : j ∈ Z, a ∈ Ip, l ∈ L}.
Therefore RT ∗T = RT ∗ .
3 Multiframelet Operator and its Dual
By composing synthesis and analysis operator, we obtain the multiframelet operator
S : L2(Qp)→ L2(Qp) defined by Sg = TT ∗g =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g, f (l)j,a〉f (l)j,a.
Now equation (2.1) can be written as A ‖g| ‖2 ≤ 〈Sg, g〉 ≤ B ‖g‖2 , ∀ g ∈ L2(Qp).
Above imply that A I ≤ S ≤ B I where I is the identity operator.
Duffin and Schaeffer have studied properties of frame operator in R in [10]. Heil contin-
ued to study this in general Hilbert space (cf. [12]). Later, Debnath independently studied
this in general Hilbert space (cf. [9]). Here we have shown similar results also hold in p-adic
setting. We now discuss some important properties of frame operator S. Next proposition
is probably most important result as it has repeated use in this section.
Proposition 3.1 S is a well-defined, linear, bijective, self-adjoint, positive, bounded opera-
tor.
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Proof : S is well-defined by Proposition 2.7 and clearly linear follows from the linearity
property of inner product.
Injectivity Sg = 0⇒ ‖g‖ = 0 (by frame condition) ⇒ g = 0. Hence S is injective.
Surjectivity Let g ∈ (im S)⊥. Then 〈Sf, g〉 = 0 ∀ f ∈ L2(Qp).
In particular, 〈Sg, g〉 = 0⇒ ‖g‖ = 0⇒ g = 0. So im S = L2(Qp). Thus S is surjective and
hence bijective.
Positivity and boundedness of S directly follows from the frame condition.
Self-adjointness For f, g ∈ L2(Qp), let’s consider 〈Sf, g〉 = 〈f,S∗g〉 in order to calculate S∗.
Now
〈Sf, g〉 =
〈
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f, f (l)j,a〉f (l)j,a , g
〉
=
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f, f (l)j,a〉〈f (l)j,a , g〉
=
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f, 〈g , f (l)j,a〉f (l)j,a 〉
=
〈
f,
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , f (l)j,a〉f (l)j,a
〉
So S∗g =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g, f (l)j,a〉f (l)j,a = Sg. Thus S∗ = S and hence S is self-adjoint.
Lemma 3.2 If {f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} is a multiframelet with bounds A, B, then
{S−1f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} is a multiframelet with bounds B−1, A−1. Furthermore,
if A, B are optimal for {f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} then B−1, A−1 are optimal for
{S−1f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} whose multiframelet operator is S−1.
Proof : We have A I ≤ S ≤ B I ⇒ 0 ≤ I −B−1S ≤ B−A
A
I.
Consequently, ‖I − B−1S‖ < 1⇒ S is invertible. For g ∈ L2(Qp),
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g,S−1f (l)j,a〉|2 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈S−1g, f (l)j,a〉|2 ≤ B‖S−1g‖2 ≤ B‖S−1‖2‖g‖2
i.e. {S−1f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} is a Besselet. It follows that the multiframelet operator
for {S−1f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} is well defined.
Now
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g,S−1f (l)j,a〉S−1f (l)j,a = S−1
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g,S−1f (l)j,a〉f (l)j,a = S−1
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈S−1g, f (l)j,a〉f (l)j,a
= S−1SS−1g = S−1g.
This shows that the multiframelet operator for {S−1f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} equals to
S−1. As the operator S−1 commutes with both S and I, we can multiply S−1 in the equation
A I ≤ S ≤ B I and have B−1 I ≤ S−1 ≤ A−1 I
9
i.e. B−1‖g‖2 ≤ 〈S−1g, g〉 ≤ A−1‖g‖2 ∀g ∈ L2(Qp) (cf. [14], p. 269).
Therefore {S−1f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} is a multiframelet with bounds B−1, A−1.
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In order to prove the optimality of bounds, let B be the optimal upper bound for multi-
framelet
{f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} and assume that the optimal lower bound for
{S−1f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} is D > B−1. Now {f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} =
{(S−1)−1S−1f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} has the upper bound D−1 < B which is a contra-
diction. Hence {S−1f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} has the optimal lower bound B−1. Similar
argument will be applicable for the optimal upper bound.
{S−1f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} is called the canonical dual multiframelet of
{f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L}. Note that {Sf (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} is also a
multiframelet.
Proposition 3.3 Let G be the analysis operator associated with the multiframelet
{f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} and G˜ be the analysis operator corresponding to its canonical
dual multiframelet {S−1f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L}. Then G˜∗G = I = G∗G˜.
Proof :
G(G∗G)−1g = {〈(G∗G)−1g , f (l)j,a〉 : j ∈ Z, a ∈ Ip, l ∈ L}
= {〈g , (G∗G)−1f (l)j,a〉 : j ∈ Z, a ∈ Ip, l ∈ L}
= {〈g , S−1f (l)j,a〉 : j ∈ Z, a ∈ Ip, l ∈ L}
= G˜g
So, G(G∗G)−1 = G˜. Now G˜∗G = (G(G∗G)−1)∗G = (G∗G)−1G∗G = I and also
G∗G˜ = G∗G(G∗G)−1 = I. Hence G˜∗G = I = G∗G˜.
The following decomposition of frame is probably the single most important result in
frame theory. This says that every element in L2(Qp) can be written as infinite linear
combination of frame elements. So we can thought any multiframelet as some kind of basis.
Theorem 3.4 (Multiframelet decomposition) Let f={f (1), . . . , f (L)} is a multiframelet for
L2(Qp) with multiframelet operator S. Then elements of L2(Qp) has following representation
g =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , S−1f (l)j,a〉f (l)j,a =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , f (l)j,a〉S−1f (l)j,a, ∀g ∈ L2(Qp),
where this sum converges unconditionally.
Proof 1: Let G be the analysis operator associated to multiframelet
{f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} and let G˜ be the analysis operator corresponding to its dual
multiframelet {S−1f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L}. Since I = G∗G˜, ∀ g ∈ L2(Qp), we have
g = G∗G˜g = G∗{〈g , S−1f (l)j,a〉 : j ∈ Z, a ∈ Ip, l ∈ L} =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , S−1f (l)j,a〉f (l)j,a.
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The proof of the other equality is similar and needs to use I = G˜∗G.
Proof 2: Let g ∈ L2(Qp). By Proposition 3.1,
g = SS−1g =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈S−1g , f (l)j,a〉f (l)j,a =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , S−1f (l)j,a〉f (l)j,a
Similarly, we have following representation
g = S−1Sg = S−1
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , f (l)j,a〉f (l)j,a =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , f (l)j,a〉S−1f (l)j,a (3.1)
The unconditionality of convergence follows from the fact that both
{f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} and {S−1f (l)j,a : j ∈ Z, a ∈ Ip, l ∈ L} are frames. The
numbers 〈g , S−1f (l)j,a〉 are called frame coefficients. These are important as these contains
all information about decomposed function g. So any element in L2(Qp) can be written
in-terms of canonical dual multiframelet.
Remark 3.5 Theorem 3.4 also proves that S is surjective and therefore a topological iso-
morphism of L2(Qp). When f is a tight multiframelet i.e. A = B, then S−1 = A−1 I and
representation of g in Theorem 3.4 changes to g = A−1
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , f (l)j,a〉f (l)j,a. Note that A
is an eigen value of S in that case.
Also natural question one can ask, Is one multiframelet has representation by other multi-
framelet in L2(Qp) ? The answer is affirmative by multiframelet decomposition theorem.
The following proposition shows that scalars given in Theorem 3.4 has minimum ℓ2 norm
among all choices of scalars in g =
L∑
l=1
∑
j∈Z
∑
a∈Ip
d(a, j, l)f
(l)
j,a.
Proposition 3.6 Let f={f (1), . . . , f (L)} be a multiframelet and g ∈ L2(Qp).
If g =
L∑
l=1
∑
j∈Z
∑
a∈Ip
d(a, j, l)f
(l)
j,a then following equality holds
L∑
l=1
∑
j∈Z
∑
a∈Ip
|d(a, j, l)|2 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g, S−1f (l)j,a〉|2 +
L∑
l=1
∑
j∈Z
∑
a∈Ip
|d(a, j, l)− 〈g, S−1f (l)j,a〉|2
Proof : Applying Theorem 3.4, we have g =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , S−1f (l)j,a〉f (l)j,a. Again for every
g ∈ L2(Qp) we obtain,
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〈g, S−1g〉 =
〈
L∑
l=1
∑
j∈Z
∑
a∈Ip
d(a, j, l)f
(l)
j,a , S−1g
〉
=
L∑
l=1
∑
j∈Z
∑
a∈Ip
d(a, j, l)
〈
f
(l)
j,a , S−1g
〉
=
L∑
l=1
∑
j∈Z
∑
a∈Ip
d(a, j, l)
〈
S−1f (l)j,a , g
〉
=
L∑
l=1
∑
j∈Z
∑
a∈Ip
d(a, j, l)
〈
g , S−1f (l)j,a
〉
and
〈g, S−1g〉 =
〈
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , S−1f (l)j,a〉f (l)j,a , S−1g
〉
=
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , S−1f (l)j,a〉 〈f (l)j,a , S−1g〉
=
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , S−1f (l)j,a〉 〈S−1f (l)j,a , g〉
=
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , S−1f (l)j,a〉 〈g , S−1f (l)j,a〉
So {d(a, j, l)− 〈g , S−1f (l)j,a〉 : j ∈ Z, a ∈ Ip, l ∈ L} is orthogonal with {〈g , S−1f (l)j,a〉 : j ∈
Z, a ∈ Ip, l ∈ L} in ℓ2-norm. Therefore
‖{d(a, j, l)}‖2 = ‖{〈g , S−1f (l)j,a〉}‖2 + ‖{d(a, j, l)− 〈g , S−1f (l)j,a〉}‖2
i.e.
L∑
l=1
∑
j∈Z
∑
a∈Ip
|d(a, j, l)|2 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈g, S−1f (l)j,a〉|2+
L∑
l=1
∑
j∈Z
∑
a∈Ip
|d(a, j, l)−〈g, S−1f (l)j,a〉|2
Proposition 3.7 Let {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} be a multiframelet sequence in L2(Qp).
Then the orthogonal projection D of ℓ2(L× Z× Ip) onto RT ∗ is given by following
D {c(l, j, a) : l ∈ L, j ∈ Z, a ∈ Ip} =

〈
L∑
l=1
∑
j∈Z
∑
a∈Ip
c(l, j, a) S−1f (l)j,a , f
(l′)
j′,a′
〉
: j′ ∈ Z, a′ ∈ Ip, l′ ∈ L
 .
Proof : It is enough to show that D is identity map on RT ∗ and zero map on R⊥T ∗ .
Now D
{〈
g, f
(l)
j, a
〉
: l ∈ L, j ∈ Z, a ∈ Ip
}
=
{〈
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g, f (l)j, a〉S−1f (l)j, a , f (l
′)
j′, a′
〉
: j′ ∈ Z, a′ ∈ Ip, l′ ∈ L
}
=
{〈
g , f
(l′)
j′, a′
〉
: j′ ∈ Z, a′ ∈ Ip, l′ ∈ L
}
(using equation (3.1))
So D is identity on RT ∗ .
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As R⊥T ∗ = NT , {c(l, j, a) : l ∈ L, j ∈ Z, a ∈ Ip} ∈ NT ⇒
L∑
l=1
∑
j∈Z
∑
a∈Ip
c(l, j, a)f
(l)
j,a = 0.
Now, D{c(l, j, a) : l ∈ L, j ∈ Z, a ∈ Ip}
=
{〈
L∑
l=1
∑
j∈Z
∑
a∈Ip
c(l, j, a)S−1f (l)j, a , f
(l′)
j′, a′
〉
: j′ ∈ Z, a′ ∈ Ip, l′ ∈ L
}
=
{〈
S−1
L∑
l=1
∑
j∈Z
∑
a∈Ip
c(l, j, a)f
(l)
j, a , f
(l′)
j′, a′
〉
: j′ ∈ Z, a′ ∈ Ip, l′ ∈ L
}
=
{〈
S−10 , f (l′)j′, a′
〉
: j′ ∈ Z, a′ ∈ Ip, l′ ∈ L
}
= {0 : j′ ∈ Z, a′ ∈ Ip, l′ ∈ L}
So D is zero on R⊥T ∗ . This completes the proof.
Theorem 3.8 Let S− 12 denotes positive square root of S−1. Then {S− 12 f (l)j,a : j ∈ Z, a ∈
Ip, l ∈ L} is a normalized tight multiframe and
g =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , S− 12 f (l)j,a〉S−
1
2 f
(l)
j,a, ∀ g ∈ L2(Qp).
Proof : As S− 12 is defined as limit of a sequence of polynomials in S−1, it commutes with
S−1 and hence with S (cf. [14]). Again we have,
g = S− 12SS− 12 g = S− 12
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈S− 12g , f (l)j,a〉f (l)j,a =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , S− 12 f (l)j,a〉S−
1
2f
(l)
j,a
Now let us consider the following inner product
‖g‖2 = 〈g, g〉 =
〈
g ,
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈g , S− 12f (l)j,a〉S−
1
2 f
(l)
j,a
〉
=
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈
g , S− 12f (l)j,a
〉〈
g , S− 12f (l)j,a
〉
=
L∑
l=1
∑
j∈Z
∑
a∈Ip
∣∣∣〈g , S− 12f (l)j,a 〉∣∣∣2
This completes the proof.
Definition 3.9 (Dual multiframelet) Let {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} and {g(l)j, a : j ∈
Z, a ∈ Ip, l ∈ L} be multiframelet for L2(Qp). Then {g(l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is said
to be a dual multiframelet of {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} if
h =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈h , g(l)j,a〉f (l)j,a.
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Proposition 3.10 Let {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} and {g(l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} are
Besselet. Then the following statements are equivalent :
(i) f =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f , f (l)j,a〉g(l)j,a , ∀f ∈ L2(Qp).
(ii) f =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f , g(l)j,a〉f (l)j,a , ∀f ∈ L2(Qp).
(iii) 〈f, g〉 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f , g(l)j,a〉〈f (l)j,a , g〉 , ∀f, g ∈ L2(Qp).
Furthermore, {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} and {g(l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} are dual
multiframelets for L2(Qp) if equivalent conditions are satisfied.
Proof : Let U and T are pre-frame operators corresponding to {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}
and {g(l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} respectively.
(i)⇐⇒ (ii)
(i) is equivalent to, TU∗ = I ⇔ (TU∗)∗ = I∗ ⇔ UT ∗ = I, which is equivalent to (ii).
(ii) =⇒ (iii)
Let f, g ∈ L2(Qp). Now 〈f, g〉 =
〈
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f , g(l)j,a〉f (l)j,a , g
〉
=
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f , g(l)j,a〉〈f (l)j,a , g〉.
(iii) =⇒ (ii)
Let f ∈ L2(Qp). Then
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f , g(l)j,a〉f (l)j,a is well defined element in L2(Qp).
Now, 〈f, g〉 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f, g(l)j,a〉〈f (l)j,a , g〉, ∀g ∈ L2(Qp)
⇒ 〈f −
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f, g(l)j,a〉f (l)j,a , g〉 = 0, ∀g ∈ L2(Qp)
⇒ f −
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f, g(l)j,a〉f (l)j,a = 0, ∀g ∈ L2(Qp)
⇒ f =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f, g(l)j,a〉f (l)j,a, ∀g ∈ L2(Qp)
If the above equivalent conditions are hold, then considering {g(l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is
Besselet with bound B, we have
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‖f‖2 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f, g(l)j,a〉〈f (l)j,a , f〉
≤
 L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈f, g(l)j,a〉|2

1
2
 L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈f (l)j,a, f〉|2

1
2
(by cauchy-schwarz inequality)
≤
√
B ‖f‖
 L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈f (l)j,a, f〉|2

1
2
⇒ 1
B
‖f‖2 ≤
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈f (l)j,a, f〉|2. Therefore {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} multiframelet.
Theorem 3.11 If {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} be a multiframelet of L2(Qp) then {f (l)j, a :
j ∈ Z, a ∈ Ip, l ∈ L} is a tight multiframelet if and only if {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}
has a dual of the form {Df (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} for some D > 0.
Proof :
Necessity Let {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} be a tight multiframelet with bound 1D and S is
the corresponding multiframelet operator.
By multiframelet decomposition theorem, ∀h ∈ L2(Qp)
h =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈h , S−1f (l)j,a〉f (l)j,a =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈h , Df (l)j,a〉f (l)j,a
So {Df (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a dual of {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}.
Sufficiency Let {Df (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L}, D > 0, is a dual of {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈
L}. Then by taking f = g in Proposition 3.10, we have
‖f‖2 =
L∑
l=1
∑
j∈Z
∑
a∈Ip
〈f , Df (l)j,a〉〈f (l)j,a , f〉 = D
L∑
l=1
∑
j∈Z
∑
a∈Ip
|〈f , f (l)j,a〉|2.
So {f (l)j, a : j ∈ Z, a ∈ Ip, l ∈ L} is a tight multiframelet of L2(Qp) with bound 1D .
4 Multiframelet Set
Definition 4.1 (Multiframelet set). A measurable set F ⊂ Qp is said to be a multiframelet
set of order L if F =
L⋃
l=1
Fl where fˆ
(l) = 1Fl ∀ l and f={f (1), . . . , f (L)} is a multiframelet
for L2(Qp).
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Example 4.2 Fp := B0(−1p) ∪ . . . ∪ B0(−p−1p ) of order (p− 1).
Remark 4.3 Fp is open, compact and not connected. We are yet to answer these properties
for general multiframelet sets.
Theorem 4.4 If f={f (1), . . . , f (L)} is a normalized tight multiframelet for L2(Qp) where
ˆf (l) = 1Fl ∀ l. Then ‖g‖2 =
L∑
l=1
∑
a∈Ip
∑
j∈Z
∣∣∣∣∣ ∫
Qp ∩ p−jFl
p−
j
2χp(p
jaξ) gˆ(ξ) dξ
∣∣∣∣∣
2
, ∀g ∈ L2(Qp).
Proof : As f is tight multiframelet,
‖g‖2 =
L∑
l=1
∑
a∈Ip
∑
j∈Z
|〈f (l)j,a , g〉|2, ∀ g ∈ L2(Qp).
Now using Perseval theorem in RHS, we get
‖g‖2 =
L∑
l=1
∑
a∈Ip
∑
j∈Z
|〈 ˆf (l)j,a , gˆ〉|2 =
L∑
l=1
∑
a∈Ip
∑
j∈Z
∣∣∣∣∣∣∣
∫
Qp
p−
j
2 χp(p
jaξ) ˆf (l)(pjξ) gˆ(ξ) dξ
∣∣∣∣∣∣∣
2
=
L∑
l=1
∑
a∈Ip
∑
j∈Z
∣∣∣∣∣∣∣
∫
Qp ∩ p−jFl
p−
j
2 χp(p
jaξ) gˆ(ξ) dξ
∣∣∣∣∣∣∣
2
Hence our assertion is tenable.
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